Abstract. A positive Dehn twist product for a Z 3 action on the 2-dimensional closed, compact, oriented surface Σg is presented. The homeomorphism invariants of the resulting symplectic 4-manifolds are computed.
Introduction
This article attempts to answer a question raised by Feng Luo in [6] which asks for a Dehn twist expression for the generator of a Z 3 action with g + 2 fixed points on the 2-dimensional closed, compact, oriented surface Σ g . By the work of Nielsen, there is only one such action on Σ g , [6] .
In Section 2 we build a closed genus g surface Σ g using g copies of tori with boundary as building blocks in order to realize that action on Σ g . We simply take an order three element from the mapping class group M 1 of torus and juxtapose its Dehn twist expression in M g , considering torus with boundary as a subsurface of Σ g and taking the orientation into consideration in the gluing process. We start with a torus with one boundary component oriented positively. Then glue a torus with two boundary components oriented negatively to it. Then keep adding more tori with boundary with alternating orientations and finally cap it off with a torus with one boundary component oppositely oriented as the previous copy. We aim at a Dehn twist product for the generator of the Z 3 action on Σ g that uses only positive exponents in order to make sure that the 4-manifold it defines as Lefschetz fibration carries symplectic structure. This becomes a challenge because the negatively oriented bounded tori introduce into the expression many elements with negative exponents and there are still some negative powers to be eliminated from the expression for genus g > 6. Therefore this work is still in progress.
In Section 3 we show explicitly how to obtain a positive Dehn twist product for the generator of the Z 3 action on Σ g , g ≤ 6. What seems to be working for low genus doesn't generalize to higher genus easily and the construction evolves rather ad hoc, at least partially.
In Section 4 we compute the Euler characteristic and signatures of the 4-manifolds given by the words that are obtained in Section 3. The method introduced by the first author and S.Nagami is used for signature computations, [1] . The mapping class group M 1 of torus is generated by Dehn twists about the cycles α and β, Figure 1 , subject to the relations αβα = βαβ (αβ) 6 = 1. (1.1)
Here, by abuse of notation, we use α and β to mean Dehn twists about them for simplicity. The first relation is called braid relation and it exists between every pair of curves that intersect transversely.
Torus with one, two, and three boundary components are subject to the relations (1.2) (αβ) 6 = δ and (βαβγ) 3 = (αβγ) 4 = δ 1 δ 2 , and (α 1 α 2 α 3 β)
respectively. The last one is also called star relation, [3] . The basic idea that is used in this paper is to glue several copies of torus with two boundary components together and cap the resulting bounded surface off with two copies of torus with one boundary component, one on each end, to get a closed surface of genus g. We take the word
on the two end copies and the word (1.4) βαβγ on each of the remaining copies in between and juxtapose them with alternating signs to come up with an order three element in the mapping class group of the resulting closed genus g surface.
Construction of the order three element on Σ g
In this section we will construct an order three element in the mapping class group of closed genus g surface using the words (1.3) and (1.4) according to their position in the gluing process. First case is when genus g is even. 
Genus g-even.
We juxtapose the words of type (1.3) and (1.4) on each of the bounded surfaces above by paying careful attention to the orientation:
Every other surface will be negatively oriented so that we can glue the boundaries together. Using the chain relation
on torus with two boundary components and (c 2g+1 c 2g )
on torus with one boundary component, the expressions containing negative exponents in (2.1) can be written as
and the last one as We glue the bounded surfaces together and use the lantern relations
to eliminate the negative exponents of d i and d i in (2.2) and (2.3) using the fact that d i = d i+1 = δ i after gluing. Solving (2.4) for δ 2.2. Genus g-odd. Most of the argument will be similar to the even case; we just need to make some changes on the indices.
The following are the words from each component listed with alternating signs 
using lantern relations in (2.15) to replace d
c 6 e 2 c 6 f 2 x 3 c 7 e The last part is also simplified using braid relation first g−2 c 2g−2 f g−2 and using commutativity one more time we obtain:
Putting the two ends together, the word now has the form . . .
In a more compact form we have
The next section deals with lower genus.
Low genus
For genus 2 and 3 there isn't much difficulty with eliminating the terms with negative exponents. For genus 4, 5, and 6 however, we use additional lantern relations to eliminate them.
3.1. genus 2. We glue two tori with one one boundary component together and juxtapose the words (c 1 c 2 )
2 and (c 5 c 4 ) −2 on the resulting closed surface. we substitute
5 and obtain
Expanding the expression and using commutativity gives 3.2. genus 3. To get the word for genus 3 we will use (2.17) with g = 3:
i.e. and substituting that in (3.7) using commutativity gives : Using the same rotation operation as in (3. 1 . Now, all we have to do is rename the conjugations: Figure 9 . We use the words
on the four bounded surfaces taking the one in the center with the opposite orientation. Using the star relation (1.2)
and using the lantern relations
and the fact that δ 1 =δ 1 , δ 2 =δ 2 , δ 3 =δ 3 we write 
Substituting all these in (3.15) and juxtaposing we obtain
We can cancel the underlined terms right away using commutativity and rearrange rest of the word as
using commutativity again. Now, using braid relation and cancelation on the underlined portion, the word reduces to Figure 11 . We will use the same additional lantern relation as in genus 4 to eliminate f The following is how we deal with f We do the obvious cancelations and use (3.8) again to write x 3 c 7 = c 7x3 and likewise x 5 c 11 = c 11x5 . One more lantern substitution is needed to eliminate f 3 and that is 
Using commutativity as well yields
c 1 dx 1 c 3 r 1 e 1 e 1 c 4 f −1 1 x 2 t 2,4 v 2,4 c −1 7 c 6 c 7x3 f −1 3 r 3 e 3 e 3 c 8 fy 6 c 13 following the braid relation c 12 c 13 c 12 = c 13 c 12 c 13 we will push c −1 1 to the right end in order to cancel it with the c 1 at the left end of the next copy. Following the same idea for c −1 3 gives u 1 = c −1 3 dc 3 after we invoke (3.8) one more time in order to write x 1 c 3 = c 3x1 . All of these changes are realized in the final form of the genus 6 word that follows: (3.22) u 1x1 y 2 y 2 c 4 x 2 t 2,4 s 3x3,2 t 2,6 t 1,2,6 v 1,6 y 4,6 y 4,6 c 8,12 x 4,5 t 4,6 s 5x5 w 6 c 12 c 13 3 = 1.
Applications
In this section we will compute the homeomorphism invariants of the 4-manifolds defined by the words in the previous section. We will denote by X g the manifolds that are given by the words (3.1), (3.4), and (3.16) and those that are obtained from them by inserting k lantern relations will be denoted by X g,k .
Proposition 4.1. The signature and Euler characteristic of the Lefschetz fibration X g , g = 2, 3, 4, is given by σ(X g ) = −2 (g + 7) and χ (X g ) = 2g + 22, respectively.
Proof:
By checking the respective equations we see that the number of cycles in those that define X 2 , X 3 , and X 4 is 3 (2g + 6) ; therefore their Euler characteristics are given by the formula χ (X g ) = 2 (2 − 2g) + 3 (2g + 6) = 2g + 22.
Here we used the well known fact from the theory of Lefschetz fibrations that the Euler characteristic of a Lefschetz fibration X 4 → S 2 is given by the formula
where g is the genus of the fiber and s is the number of singular fibers, i.e., the number of vanishing cycles [4] . For signature computations that follow the reader is referred to article [1] . First we compute σ(X 2 ).
Let C 2 denote a chain of length 2 in M 2 , such as (c 1 c 2 ) 6 δ −1 and (c 5 c 4 ) 6 δ −1 . Following the construction of the word in 3.1 we have 
(commutativity and cancelations)
(chain relation C 3 )
(2 lantern relations L)
Keeping track of the relations that are used in the process we obtain
Here we also used the fact that (e 1 c 4 f 1 ) 4 = (e 1 c 4 f 1 c 4 ) 3 . We compute σ (X 4 ) last. Following its construction in 3.3 we obtain
(3 lantern relations L)
From this we obtain
Consider now the fibrations X g,k given by the words (3.2),(3.5), and (3.17) which are obtained from (3.1), (3.4), and (3.16) by substituting k lantern relations. 
Proof : The only substitutions used in (3.2),(3.5), and (3.17)that have nonzero signature are lantern relations. The rest of the modifications which result from commutativity and braid relations do not have nonzero contributions ( [1] , Proposition 3.6). Cancelations also do not effect the signature. Since the signature of each lantern relation is +1 half of the proof follows. The other half follows from (4.1) and the fact that each time we substitute a lantern relation the length of the word reduces by one. Remark 1. To be more specific about k we need to point out that 1 ≤ k ≤ 6 for genus 2 and 1 ≤ k ≤ 3 for genus 3, 4. Therefore This is a fibration with σ (X 2,1 ) = σ (X 2 )+1 = −17 and χ (X 2,1 ) = χ (X 2 )−1 = 25.
Remark 3. An interesting thing to observe here is the effect of substituting a lantern relation into the monodromy of X g on its homeomorphism invariants. Proposition 4.2 shows that it has the same effect on X g as that of a rational blowdown operation on it. Therefore it's an interesting question to investigate whether or not X g and X g,k #kCP 2 are diffeomorphic. See [2] for examples that answer this question in the negative.
Next in our list is the word (3.6) obtained from (3.5) by substituting m chain relations of length 3 into X 3,k , which will be denoted by X 3,k,m , 1 ≤ m ≤ k ≤ 3. This notation does not reflect the length of the chain for the sake of simplicity. Note that chain substitution must follow a lantern substitution; therefore m ≤ k. Proof : The signature of X 3 is −20 by Proposition (4.1) and the signature of X 3,k was found to be −20 + k in Proposition (4.2). Since X 3,k,m is obtained from X 3,k either of the achiral Lefschetz fibrations (2.13) or (2.20) by substituting into them a number of lantern relations until a positive relator is obtained. In that regard the fibration given by (3.11) that is obtained from (3.7) via 3 lantern substitutions will be denoted by Y 4 . If k additional lantern substitutions are made into these positive words then the resulting manifold will be denoted by Y g,k . For example the positive relator (3.14) is denoted by Y 4,3 because it is obtained via 3 lantern substitutions into (3.11), which is equivalent to (3.9). We will now compute the signatures of Y g , Y g,k . A careful analysis shows that Y 6 is obtained from Z 6 by substituting lantern relation 12 times ( 3 for each of the negative powers f 
